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Abstract 
Because of the complexity of the flow field in a trailing vortex, prediction of tip vortex cavitation inception on a 
hydrofoil or a propeller still relies heavily on model tests and application of cavitation scaling.  Experiments indicate 
that the major parameters influencing tip vortex cavitation inception are fluid viscosity (Reynolds number) and free 
stream nuclei (Weber number).  A scaling method based on these two parameters has been developed in this paper.  
Size effects on circulation, vortex cores thickness and pressure distributions in a full-scale trailing vortex are 
predicted from model data based on a Reynolds scale similarity flow solution.  Nuclei effect on tip vortex cavitation 
inception is obtained from cavitation scaling and expressed in a term called G.   For prescribed pressure fields in the 
trailing vortex, a modified Rayleigh-Plesset bubble equation is used to evaluate effects of free stream bubbles on 
cavitation inception.  Bubble radius history and acoustic pressure are computed for various initial bubble sizes and 
different release locations into the vortex core.  A method based on the acoustic pressure sigma gradient is 
introduced to define cavitation inception.  The values of G at cavitation inception are obtained.  Depending on the 
ratio of initial bubble sizes between model and full-scale waters, the nuclei effect on tip vortex cavitation inception 
can be greater, equal or less than one. 
1 Introduction 
A system of trailing vortex is associated with a finite lifting surface.  When the pressure on the axis of a 
trailing vortex reaches a value equal to or below the vapor pressure of the flowing liquid, cavitation occurs.   On a 
typical marine propeller, cavitation initiates first in the trailing vortex then on the blade surface.  Because of the 
radiated noise associated with cavitation, ability to predict the onset of tip vortex cavitation is a major interest in the 
marine industry.  Because of the complexity of the flow field in a trailing vortex, prediction of tip vortex cavitation 
inception on a hydrofoil or a marine propeller still relies heavily on model tests and application of cavitation scaling. 
McCormick [1954, 1962] conducted a series of model tests on tip vortex cavitation inception with different 
planforms, model sizes, aspect ratios and airfoil section profiles. He found experimentally that the cavitation 
inception index σi increased with a power of the Reynolds number, Re 0.35.  A more recent experimental study by 
Fruman et al [1991] gave σi to increase with Reynolds number Re0.40.  Currently different values of the Reynolds 
number power are in use at various laboratories.  Further discussions of viscous effect on tip vortex are referred to 
Green [1988] and Arndt [1981]. 
Experimental data also show that tip vortex cavitation inception is sensitive to the available nuclei in the test 
condition [Liu and Brennen 1998].   Let σif and σim denote the tip vortex cavitation inception number on full-scale 
and model, respectively.  The 19th ITTC cavitation committee [1990] suggested an inception scaling of σif / σim = K 
(Ref/Rem)n, where n and K are empirical factors.  The factor K was introduced to represent the nuclei effect.  
However, the values of n and K were not specifically recommended in this report.  Experimental data show that the 
inception index approaches a limiting value as the air content is systematically increased.  Often the value of K is set 
to 1 in many laboratories.  It is assumed that if the model is tested at high air content, nuclei effect on cavitation 
inception disappears.  Unfortunately, this assumption is not justifiable.  Theoretical calculations [Ceccio and 
Brennen 1992] show that it is the bubble size distribution and bubble size concentration, not the dissolved air 
content, which is responsible for cavitation inception.  Furthermore, it is shown in this paper that the nuclei effect on 
cavitation inception scaling is related to the respective bubble size distribution and bubble size concentration 
responsible for cavitation in a laboratory and ocean environment.   
The difficulties in using the existing scaling method mentioned above are: 
(1) what is the value of n to be used from a laboratory test to full-scale?  
(2) what is the value of K to be used to quantify the nuclei effect in cavitation inception scaling?   
In this paper, we present a simplified method to derive a tip vortex cavitation inception scaling formula, which 
addresses the above two issues.  
2 Problem Formulation and Approach of Solution 
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Model experiments: Consider a test case with an elliptical hydrofoil model of the NACA 0020 section 
profile.  Let bm and cmmax denote the foil span and the maximum chord length at the mid-span.   The vortex roll-up 
process in a tip vortex core is complex [Fruman 1991, 1994].   For simplicity, Fig 1 shows a sketch of an elliptical 
hydrofoil with simplified trailing vortex.  The model is set at an angle of attack αm.  Let Vom denotes the reference 
velocity in the test section.  The pressure in the test section is then lowered slowly.  When the pressure in the test 
section is lowered to a certain pressure, cavitation inception is detected acoustically or visually in the trailing vortex.  
This corresponding pressure is termed reference pressure Pom.  The cavitation number based on these reference 
velocity, reference pressure and angle of attack is termed cavitation inception index σim.  It is understood that the 
definition of cavitation inception differs among the researchers and the test engineers.  A method based on the slope 
versus σim of the acoustic pressure to be discussed later will be used in this paper to define cavitation inception. 
Full-scale cavitation: Let λ denote a linear ratio or scale ratio of the full scale to the model; namely bf =λ 
bm and cf max=λ cmmax.  To simplify the discussion, consider a case where the full-scale trial is carried out at a ship 
speed Vof equal to the model speed Vom, and angle of attack αf equals to αm; namely Vof = Vom and αf = αm.  The 
question to be addressed in this paper is what is the ambient pressure Pof (or depth) at which tip vortex cavitation is 
to be detected at full-scale?  The purpose of this study is to derive a simple formula to relate σif to σim.   
The vortex core is a low pressure zone. A bubble entering a vortex core will experience growth and collapse 
in response to the pressure distribution in the vortex core. Acoustic pressure is radiated. The pressure field in the 
vortex core plays a major role in cavitation inception when nuclei are available. Information of the pressure 
distributions in the vortex cores for both model and full-scale are needed. It is assumed that the pressure distributions 
in the vortex core of the model are given, the pressure distributions in the full-scale vortex core will be derived on a 
similarity flow solution. 
Since both model and full-scale have the same planform and section profiles, geometric similarity is 
preserved. For simplicity, assume that the incoming flows for both the model and full-scale are uniform and that the 
angle of attack on both foils is the same. The kinematic similarity is satisfied. It is known that the pressure 
distributions and the vortex core dimension are sensitive to Reynolds scaling. The dynamic similarity flow solution 
based on Reynolds scale will be used to derive pressure distributions between full-scale and model. It is further 
assumed that the presence of the bubbles in the flow does not alter the pressure distributions from the flow solution. 
Growth and collapse of a given initial bubble in vortex core are computed by using DYNAFLOW’s bubble 
dynamic code [Hsiao et al, 2000, Hsiao et al, 2001].  In this paper, the bubble is assumed to remain spherical.  The 
bubble radius history and the corresponding acoustic pressure are computed.  Cavitation inception is determined 
numerically by a criterion based on the slope of acoustic pressure.  The nuclei effect on vortex cavitation between 
full-scale and model is quantified by the numerical calculations. 
3 Circulation Distributions in a Trailing Vortex 
Model: Extensive measurements of tip vortex roll-up and tip vortex cavitation on an elliptical planform 
hydrofoil have been carried out by Fruman et al [1991, 1994, 1998].  Velocities in the vortex core were measured by 
a two component Laser Doppler Velocimeter (LDV).  Their measured tangential velocity distributions show good 
agreement with the Burgers [1948] two-parameter profile.  It is noted that Burgers model to be used in this paper is a 
slight modification of the Rankine vortex model.   Let acm (x/cmmax) and Γm (x/cmmax) denote a mean radius and 
circulation of the vortex core, respectively.  x denotes the axial distance from the foil tip along the vortex core.  
Assumed circulation, core size, and pressure distributions in the trailing vortex of a model as a function of x are 
given in Fig 2.  It is noted that the model data shown in Fig 2 are used as an example to show the procedure in 
deriving the tip vortex cavitation inception scaling.  
Full-scale: Let s denote a non-dimensional spanwise coordinate variable given by s ≡ y/b (see Fig 1).  The 
foil span is normalized to be 1.  Let c(s) denotes the chord size distribution on the foil surface along the span.  Let 
L(s) denotes the section lift force along the foil span.  The non-dimensional section lift coefficient CL (s) is given by  
   CL (s) = L(s)/[(0.5 ρ Vo2) c(s)],     (1) 
where ρ is the fluid density and Vo is the reference velocity.  Consider high Reynolds number cases with the 
boundary layer on foil surfaces to be turbulent for both model and full-scale.  With geometric and kinematics 
similarities satisfied, it is reasonable to assume that section lift coefficient distributions between the model and full-
scale are identical; namely 
 CLf (s) = CLm (s).         (2) 
Let γ(s) denotes the bound vortex distributions along the span of the foil.  The section lift is related to the bound 
vortex by  
   L(s) = ρVo γ(s).          (3) 
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Note that in some foils, the lift coefficients between the model and full-scale may exhibit slight dependency on 
Reynolds scale [Abbott and Von Doenhoff, 1959].  This viscous effect on lift can be incorporated in the cavitation 
scaling formula by modifying the bound vortex given in Equation 2.   
From equations (1) to (3), we obtain the bound vortex by 
γf(s)/Vof =  γm(s)/Vom cf(s)/cm(s)  =λ γm(s)/ Vom .   (4) 
This equation relates the bound vortex between the model and full-scale.  The rate of change of bound vortex along 
the span gives the trailing vortex.  Since geometric and kinematics similarities are satisfied, it is reasonable to assume 
that the dynamic process of tip vortex roll-up is preserved between the model and full-scale.   
Full-scale: The circulation distributions along the trailing vortex Γ in the downstream direction can be 
expressed by 
   Γf(x/cfmax)/Vof =  λ Γm(x/cmmax)/ Vom .    (5) 
As an example, consider a case with a linear scale ratio of λ = 4.   The full-scale circulation distribution in the vortex 
core derived from Equation 5 is plotted in Fig 2.  
4 Core Size Distribution in a Trailing Vortex 
Model: It is understood that the vortex core is not symmetric.  We can use Liang and Ramprian’s approach 
[1991] or Fruman’s approach [1991] to define an averaged vortex core radius.  Let acm (x/cmmax) denote the radius of 
a trailing vortex.  Visual observation by Liang and Ramprian and flow velocity measurements by Fruman shows 
strong dependency of vortex core size on Reynolds numbers.  The core size becomes smaller as the Reynolds 
number is increased. This is in agreement with McCormick’s classic work. 
McCormick [1991] showed that tip vortex cavitation inception indices differed noticeably when roughness 
was applied on the pressure side of the foil surface.  He suggested that the vortex core thickness is related to the 
thickness of the boundary layer on the pressure side of the foil.  This assumption is well supported by Fruman’s LDV 
measurements.  Furthermore, Fruman’s measurements showed that the boundary layer growth on the pressure side of 
the foil surface exhibited the same characteristics of a flat plate in terms of Reynolds scale dependency.  
Let δm denote the boundary layer thickness at the foil trailing edge.  For a velocity profile expressed in 1/7 th 
power law, the turbulent boundary layer thickness on a flat plate is given by δ = 0.37xRe- 0.2  [Abbott and Von 
Doenhoff, 1959 ].  As discussed above, the boundary layer growth in the pressure side of an airfoil exhibits the same 
dependency on Reynolds scale as a flat plate.  We obtain 
  acm/cmmax ∼ δm/cmmax∼ Rem- 0.2 .     (6) 
At high Reynolds number with turbulent boundary layer on the foil surface, the vortex core thickness decreases with 
increase in Reynolds number by Re- 0.2. 
Full-scale: Let δf denote the boundary layer thickness at the foil trailing edge.  
acf  / cfmax ∼ δf / cfmax ∼ Ref- 0.2.     (7) 
From the similarity flow assumption, the proportionality constants given in Equations 6 and 7 are the same. We have 
  acf  / acm   = λ (Ref / Rem) - 0.2  .      (8) 
A rotating disk: Let ω and r denote the angular velocity and a radial distance from the axis.  The flow in a 
rotating disk becomes turbulent at large Reynolds numbers, Re = r(rω)/ν, in the same way as the flow about a plate 
[Schlichting 1979].  With the balance of viscous and centrifugal forces, the boundary layer thickness is given by δ = 
0.526 r Re- 0.2.  It is noted that the boundary layer on a rotating disk exhibits the same dependency on Reynolds scale 
as a plate of Re- 0.2.  This observation seems to indicate that the similarity flow solutions on vortex core size based on 
a stationary foil may be applicable to a rotating foil.   
5 Pressure Distributions in a Trailing Vortex 
Model:  Let Cp denote the mean pressure coefficient in a vortex core normalized by the free stream velocity 
Vo.  In studying the cavitation inception scaling, the pressure distributions in the model vortex core Cpm is assumed to 
be given.  As an example, by assuming that the radial momentum is preponderant, the pressure coefficient 
Cpm(x/cmax) on the axis of the vortex can be computed by  
Cpm(x/cmmax)  = -  (Vtm(x/cmmax) 2/r) dr,    (9) 
where Vtm  and r denote the tangential velocity and radial coordinate in the vortex core.  The computed pressure 
coefficient distribution is shown in Fig 2.  
Full-scale: Note that Vtmax  ∼ Γ /2π ac.  The equation 9 gives   
  Cp  ∼ ( Γ / ac Vo )2 .     (10) 
From equations 8 and 10, we have  
   Cpf / Cpm = (Γf /Γm) 2 (acm/acf) 2 (Vom /Vof)2= (Ref / Rem)0.4  .  (11) 
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Experimental measurements by Fruman showed that measured tip vortex cavitation inception σi increased with 
Reynolds number Re0.40.  Since σi is related to the minimum pressure - Cpmin , the equation 11 is in good agreement 
with Fruman’s cavitation inception measurements.  Full-scale pressure distributions are also plotted in Fig 2. 
6 Cavitation Inception Scaling 
Ideal flow case: Let Cpmin denotes the minimum pressure coefficient.  In the ideal case, it is assumed that 
bubbles responsible for cavitation inception are abundant both in model and full-scale environment; namely bubble 
effect on cavitation is not considered in this ideal case.  Furthermore, it is assumed that the pressure fields obtained 
form one phase flow is not altered by the presence of micro-bubble.  Cavitation inception is assumed to occur when 
the minimum pressure coefficient reaches the vapor pressure.  We have  
   σif */σim*=- Cpminf /- Cpminm = (Ref / Rem)0.4  .    (12) 
As discussed above, this scaling formula agrees with Fruman’s measurements [1991].  If boundary layers on model 
and full-scale are both turbulent, tip vortex cavitation inception is related to the minimum pressure coefficient, which 
in turn is related to Re0.4[Fruman 1991].    
Real flow case: It is well known that cavitation inception σi does not occur at - Cpmin  instead it is generally 
found to occur later at -(Cpmin +∆σ), namely,       
   σif /σim = (- Cpminf - ∆σf) /(- Cpminm - ∆σm)   
           = (- Cpminf /- Cpminm) [1+ ∆σf /- Cpminf]/ [1+ ∆σm /- Cpminm] 
               ≡  (- Cpminf /- Cpminm) G  = G (Ref / Rem)0.4,           (13) 
where   
   G  ≡[1+ ∆σf /- Cpminf]/ [1+ ∆σm /- Cpminm] .    (14) 
The term G represents the effect of gas bubbles on cavitation inception between the full-scale and model.  As noted 
in Eq 14, the value of G can be greater, equal to or less than 1, depending on the relative effect of tensile strength of 
available gas bubbles between the model and full-scale.  DYNAFLOW’s bubble dynamic code (Hsiao, Chahine and 
Liu, 2001) will now be used to evaluate the values of G. 
 
 
7 G Values 
Pressure field: To evaluate the value of G, the pressure distributions and gas bubbles responsible for 
cavitation inception must be known a priori for both model and full-scale.  Since the purpose of this study is to 
derive a cavitation scaling formula.  The pressure field in the model tip vortex is given and shown in Fig 2.  The 
scaled pressure field for the full-scale for a geometric scale ratio of λ =4 is also shown in Fig 2.  The axial velocities 
for both model and full-scale are assumed to be the same as well as the reference velocities which are Vof = Vom = 
13 m/s.  Since extensive calculations are performed on this set of pressure distributions, some of the G values 
obtained from this set of data are discussed in this paper. 
Burger Vortex Model:  As described earlier, the tip vortex is approximated using the Burger’s vortex 
model in which the tangential velocity and pressure are defined as: 
( )1( ) 12πΓ= − xtV r er ,      (15) 
 ( ) [ ]12 1 1 2 122 11.255 1( ) 1 2 ( ) (2 )8ω ρπ −∞  Γ= + − + −  xcp r p e E x E xxa .  (16)   
2
1 1.255
 
=  
 c
rx
a
    (17)  
where 
∞
p  is the ambient pressure, r  is the distance to the vortex center, ca is the vortex core radius, 1E  and 2E  
are exponential integrals. Equations 15 and 16 provide the tangential velocity and pressure field according to 
streamwise distribution of the circulation Γ  and vortex core radius ca . To complete the model for the velocity filed, 
the axial velocity is assumed to be constant. 
8 Improved Spherical Bubble Dynamics Model 
 
The behavior of a spherical bubble in a pressure field is usually described with a relatively simple bubble dynamics 
model known as the Rayleigh-Plesset equation (Plesset 1948)  
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23 1 2 4
2
µ
ρ
 
+ = + − − − 
 
  
v g
SRR R p p p R
R R
,   (18) 
where R  is the time dependent bubble radius, ρ  is the liquid density, vp  is the vapor pressure, gp is the gas 
pressure inside the bubble, p  is the ambient pressure local to the bubble, µ  is the liquid viscosity, S   is the surface 
tension. If the gas is assumed to be perfect and to follow a polytropic compression relation, then one has the 
following relationship between the gas pressure and the bubble radius: 
3
0
0
 
=  
 
k
g g
R
p p
R
,       (19) 
where 0gp and 0R  are the initial gas pressure and bubble radius respectively and k is the polytropic gas constant. In 
Equation 18 the bubble grows principally in response to a change in the ambient pressure through gaseous expansion 
and increase in the vaporous mass within the bubble (the vapor pressure is assumed to remain constant). In this 
modeling the effect of the underlying flow is only to produce a prescribed pressure field through which the bubble is 
passively convected, i.e. the influence of the bubble on the liquid flow is neglected.  
In addition, Equation 18 does not take into account the effect of any slip velocity between the bubble and 
the carrying liquid. To account for this slip velocity, an additional pressure term, 2( ) / 4ρ −
 
bU U , is added to the 
classical Rayleigh-Plesset equation as: 
( )232 0
0
3 1 2 4
2 4
µ
ρ
 
− 
 + = + − − − + 
 	 
 
 
  
k
b
v g
U UR SRR R p p p R
R R R
.  (20) 
The above equations 18 and 19 are valid when the liquid is incompressible. However, liquid compressibility 
becomes important when bubble-wall velocities become comparable with the speed of sound in the liquid. 
Compressibility effects are also important if one is interested in many cycles of the bubble dynamics in which case 
energy loss by acoustic emission occurs. Gilmore (1952) obtained an efficient modification of the Rayleigh-Plesset 
equation that takes into account liquid compressibility. We adapt Gilmore’s equation and write the modified 
Rayleigh-Plesset equation as:  
( )20
0
3 1 2(1 ) (1 ) (1 ) 4
2 3 4
µ
ρ
 
− 
 − + − = + + + − − − + 
 	 
 
 
   
 
k
b
v g
U URR R R R d S RRR R p p p
c c c c dt R R R
 (21) 
where c  is the sound speed.  
It is known that the ambient pressure, p , applied in the classical spherical bubble model is the pressure at 
the bubble center in its absence, without considering pressure variation along the bubble surface. This simplification, 
valid for general flows, leads to unbounded bubble growth when the pressure in the vortex center is less than the 
vapor pressure. Previous studies usually used this as a criterion to determine the cavitation inception number. 
However, this criterion is based on an over-simplification that may lead to wrong predictions. Therefore, in the 
improved model we use here, p  is taken to be the average of the outside field pressure over the bubble surface. This 
enables for a much more realistic description of the bubble behavior, e.g. the bubble does not continuously grow as it 
is captured by the line vortex. Instead, once the bubble reaches the vortex line axis, it is subjected to an increase in 
the average pressure as the bubble grows and this leads to a more realistic balance of the forces applied to the 
bubble.  
 
9 Bubble Motion Equation 
Several prominent scientist such as Basset (1888), Boussinesq (1903), Oseen (1927) has derived the motion 
equation of a spherical particle subjected to the force of gravity in a fluid at rest. The equation was extended by 
Tchen (1947) to the case of a fluid moving with variable velocity and more recently modified by Maxey and Riley 
(1983). By considering the forces acting on a spherical bubble with radius R the motion equation can be written as 
follows: 
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( )
0
1( )
2
1 6
2
ρ ρ ρ ρ
ρµρ τ τ
π τ τ
= − + ∇ + − −
   
+ − + − −      
   


   

  
b
b b b b b b D b b
t
b b
b b
dUV V g V p A C U U U U
dt
dU dUdU dUV A t d
dt dt d d
,         (22) 
where terms with the subscript b are related to the bubble and those without a subscript are related to carrying fluid. 
bV and bA are the bubble volume and projected area, which are equal to 
34 / 3π R and 2π R respectively.  The bubble 
drag coefficient DC in Equation 22 can be determined by using the empirical equation of Haberman and Morton 
(1953): 
0.63 1.384
e e
e
24 (1 0.197 R 2.6 10 R )
R
−
= + + ×D b b
b
C ,     (23) 
where the bubble Reynolds number is defined as  
           e
2
R
ν
−
=
 
b
b
R U U
.                                (24) 
The physical meaning of each term in the right hand side of Equation 22 is as follows. The first term is a 
buoyancy force. The second term is due to the pressure gradient in the fluid surrounding the particle. The third term 
is a drag force. The fourth term is a force to accelerate the virtual “added mass” corresponding to the surrounding 
fluid. The last term is the so-called “Basset” term, which is a memory effect term, which takes into account the 
deviation of the flow pattern from steady state. Equation 22, however, does not include the lift force, which is caused 
by the particle spin.  
An analysis by Morrison and Stewart (1976) shows that the “Basset” term depends on the rate of change of 
the relative velocity. For flows in which the frequency of the oscillatory motion of the carrier fluid is small the Basset 
term can be neglected. Furthermore, Maxey and Riley (1983) have presented order of magnitude estimates for 
various forces acting in the bubble. They concluded that once the motion is established, the Basset history term is 
only of a secondary order when compared to other forces. Since in this study, we release the bubble with the same 
initial velocity as its surrounding liquid, we will neglect the “Basset” term. 
Equation 22 describes the motion of a solid particle in a flow. For a gas bubble the mass of the gas inside 
the bubble can be neglected relative to the added mass of the fluid. To describe the motion of a gas bubble, however, 
one has to take into account the force due to the bubble volume variation. Johnson and Hsieh (1966) added the term 
necessary to consider the bubble volume variations as follows: 
  ( ) ( )3 3 32 4ρ= − + ∇ + − − + −

     
b
D b b b
dU g p C U U U U U U R
dt R
.          (25) 
With a prescribed flow field, a Runge-Kutta fourth-order scheme can be applied to integrate Equations 22 and 20 or 
21 through time to provide the bubble trajectory and its volume variation during bubble capture by the tip vortex.  
The pressure in the liquid at a distance, l, from the bubble center is given by: 
4 2
2 2
42  - .2
ρ ρ   = +   
 

 
R Rp R R RR
l l
          (26) 
Far away from the bubble the second bracketed term is negligible, and Equation 26 degenerates to the equation 
usually given to the acoustic pressure for instance by Fitzpatrick and Strasberg (1958): 
    ( )( ) ,             
4
ρ
π
′ −
′ ′= = −

a
V t l Rp t t t
l c
.        (27) 
Since the bubble volume is 34 / 3π=V R  we have 
   2( ) ( ) 2 ( )  ρ  ′ ′ ′= +
 
 a
Rp t RR t R t
l
,           (28) 
where ap  is the acoustic pressure and c is the sound speed. 
10 Numerical Results 
 In the current study the computations are conducted by releasing bubbles at x=0 with zero velocity and an 
initial nucleus equilibrium condition, i.e. the initial gas pressure is determined by 
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( )0
0
2 ω= − +g v
Sp p r p
R
.      (29) 
Since the circulation at x=0  is assumed to be zero (see Figure 2), we have ( )ω ∞=p r p . By integrating Equations 21 
and 22 the variation of bubble radius and acoustic pressure versus time can be obtained. Figure 3 shows an example 
of bubble radius history and acoustic pressure for a bubble of 0 10µ=R m released at 0.5= cD a away from the vortex 
center in the model scale. To investigate the influence of the radial release location, D, on the solution, results are 
compared for different values of D. It is found that the acoustic pressure is insensitive to the initial bubble position 
when this position is close to the vortex axis, as shown in Figure 4. To be consistent, the results shown below are all 
obtained for the same release location, 0.5= cD a .  
 While the solution is insensitive to the radial release location, the solution highly depends on the initial 
bubble size. Different 0R  led to different trajectories and thus cause the bubble to experience different pressure 
history. Figure 5 shows the trajectory and the encountered pressure for different initial bubble radius released from 
the same location. The maximum acoustic pressure measured at 30 cm from the vortex center versus the cavitation 
number for different initial bubble sizes is shown in Figure 6. 
From an engineering viewpoint, cavitation inception is usually determined through visual or acoustical 
techniques.  Inception is called when the measurement detects events above a pre-defined threshold. In the laboratory 
the most commonly used threshold is via visual observation when bubbles become visible. This visual technique can 
hardly be applied to full-scale tests where an acoustic technique is preferred. Therefore, to be consistent for both 
scales only the acoustic technique is used to determine the cavitation inception in the current study. The criterion 
used to define the cavitation inception is based on the acoustical signal. Using the curve of maximum acoustic 
pressure versus cavitation number, we can obtain the rate of pressure change with the cavitation number, σ−dp d , 
as shown in Figure 7. The cavitation inception number can then defined as the largest cavitation number for which 
1;  say 100,σ σ− >> − >dp d dp d . By applying this criterion we can obtain the cavitation inception number 
σ im andσ if  for the model scale and full scale respectively. The value of nuclei effect parameter, G is then 
determined by 
0.4
Re
.
Re
σ
σ
 
=  
 
 
if m
im f
G       (30) 
To show the nuclei effect, the values of G are plotted versus the ratio of nuclei size between model and full 
scales in Figures 8a and 8b. It is found that the value of G could be greater, equal or less than 1. This nuclei effect 
leads to deviation from the traditional scaling law that increases as Rom differs from Rof . 
Consider the case with the same nuclei distributions available in the model test facility and full-scale 
environment.  As noted in Fig 8a for Rom/Rof =1, the values of G are found to be 1.061, 1.022, and 1.002 for Rom = 
0.5 µm, 1.0 µm, and 10 µm, respectively.  They are all greater than 1. This means that with the same nuclei 
distributions, water quality exhibits a stronger effect on the model than in the full-scale, especially with small nuclei 
sizes.  
To have G=1, namely no nuclei effect between the model tests and the full-scale observations,  the initial 
bubble size in the model test must be slightly greater than in the full-scale environment.  Fig 8 gives Rom/Rof  = 
1.55, 1.6 and 1.85 for  Rom = 0.5, 2.5, and 10 µm, respectively.   
However, if the value of Rom/Rof is large and much greater than 1, the effect of the water tensile strength at 
cavitation inception will be relatively weaker in the model test than in full-scale observation and the values of G 
would be less than 1 as noted in Fig 8.  On the other hand, if the values of Rom/Rof are much less than 1, the effect 
of the tensile strength at cavitation inception will be relatively strong at the model test than in full-scale observation 
and the values of G will be greater than 1 as noted in Fig 8b.  This later case can occur if the model is tested in a lake 
or in a laboratory with low air contents.   
 
11 Conclusion 
Prediction of tip vortex cavitation inception on a hydrofoil or propeller still relies heavily on model tests 
and application of cavitation scaling.  A simple method to scale the effects of model size and free stream nuclei on 
tip vortex cavitation inception has been developed and presented in this paper.  Based on geometric, kinematics and 
dynamic similarity, circulation, core thickness, pressure distributions in a full-scale trailing vortex are obtained if the 
model data are given.   
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If boundary layers on model and full-scale are both turbulent, the effect of model size on tip vortex 
cavitation is shown to be related by (Ref / Rem)0.4.    
The effect of model size and nuclei on tip vortex cavitation is shown to be related by  σif /σim = G(Ref / 
Rem)0.4. It is found that the value of G could be greater, equal or less than 1. The nuclei effect, which leads to 
deviation from the traditional scaling law, is increased as as Rom differs from Rof . 
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Figure 1. Sketch of a Hydrofoil. 
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Figure 2. Vortex core size and circulation distribution in the selected trailing vortex as a function of x. 
 
 
Figure 3.  An example of the encountered pressure, bubble radius history and acoustic pressure. 
 
 
 
 
Figure 4. Different release locations only slightly change the encountered pressure at the beginning. The 
acoustical pressure curves are almost identical. 
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Figure 5.  Different trajectories and encountered pressures for different initial bubble radii released from the 
same location. 
 
 
 
Figure 6. The curves of maximum acoustical pressure versus cavitation number for different release locations 
are identical  
 
Figure 7. Based on the acoustical signal the cavitation inception number is defined when / σ−dp d becomes 
larger than a certain value, here >100. 
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Figure 8. Curves of the nuclei parameter G versus R0_m/R0_f  and R0_f /R0_m for different initial bubble 
radii. Indices m and f are for model and full scale 
